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On Improving Throughput of Multichannel
ALOHA using Preamble-based Exploration

Jinho Choi

Abstract: Machine-type communication (MTC) has been exten-
sively studied to provide connectivity for devices and sensors in the
Internet-of-thing (IoT). Thanks to the sparse activity, random ac-
cess, e.g., ALOHA, is employed for MTC to lower signaling over-
head. In this paper, we propose to adopt exploration for multichan-
nel ALOHA by transmitting preambles before transmitting data
packets in MTC, and show that the maximum throughput can be
improved by a factor of 2 − e−1 ≈ 1.632, In the proposed ap-
proach, a base station (BS) needs to send the feedback information
to active users to inform the numbers of transmitted preambles in
multiple channels, which can be reliably estimated as in compres-
sive random access. A steady-state analysis is also performed with
fast retrial, which shows that the probability of packet collision be-
comes lower and, as a result, the delay outage probability is greatly
reduced for a lightly loaded system. Simulation results also confirm
the results from analysis.

Index Terms: Exploration, machine-type communication, slotted
ALOHA, the Internet-of-things.

I. INTRODUCTION

IN order to support the connectivity of a large number of de-
vices and sensors for the Internet of things (IoT), machine-

type communication (MTC) has been considered in cellular sys-
tems [1]–[3]. In fifth generation (5G) systems, it is expected to
have more standards for MTC [4]–[6]. In general, in order to
support a large number of devices (in this paper, we assume
that devices and users are interchangeable) with sparse activ-
ity (i.e., only a fraction of them are active at a time), random
access is widely considered as it can avoid high signaling over-
head. In particular, most MTC schemes are based on (slotted)
ALOHA [7], and ALOHA is extensively studied for MTC as in
[8]–[11].

Since ALOHA plays a key role in MTC, various approaches
are considered for ALOHA in order to improve the performance
in terms of throughput (which may result in the increase of the
number of devices to be supported). In [12], contention reso-
lution repetition diversity (CRRD) is considered together with
successive interference cancellation (SIC) for a better through-
put. The notion of coding is applied to CRRD in [13], [14],
which results in coded random access, where it is shown that
the throughput (in the average number of successfully trans-
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mitted packets per slot) can approach 1. In [15], a finite-length
analysis (as opposed to asymptotic analysis) is carried out for
coded random access. Coded random access is also considered
for massive MTC with decoding that is based on statistical chan-
nel knowledge only in [16].

Furthermore, in [17], [18], the notion of non-orthogonal mul-
tiple access (NOMA) [19], [20] is applied to ALOHA so that
multiple virtual access channels in the power domain are avail-
able without any bandwidth expansion, and it is shown that the
throughput can be significantly improved at the cost of high
power budget at users. Note that as in coded random access,
SIC has to be used at a base station (BS) to remove interfering
signals. In [21], the performance of NOMA-based random ac-
cess is further analyzed.

In this paper, we consider a different approach than coded
random access [14] and NOMA-based random access [17]. The
proposed approach uses exploration for multichannel ALOHA
to improve the performance, while it does not require SIC at a
BS. Thus, whenever SIC is not affordable at a BS or a receiver,
the proposed approach can be used to improve the throughput.
As in multi-armed bandit problems [22], [23], exploration can
help improve the performance of multichannel ALOHA. For ex-
ploration, in the proposed approach, each active user (i.e., a user
with packet to transmit) is to send a preamble prior to packet
transmission, and a BS sends the feedback information to active
users to inform the numbers of transmitted preambles in mul-
tiple channels. We show that the feedback information, which
is the outcome of exploration, can improve the throughput of
multichannel ALOHA (as well as single-channel ALOHA). In
particular, in terms of the maximum throughput, it is shown that
the performance can be improved by a factor of 2−e−1 ≈ 1.632
thanks to exploration.

It is noteworthy that the exploration by sending preambles be-
comes possible if the BS is able to estimate the number of trans-
mitted preambles in each channel. Thanks to the notion of com-
pressive random access [24]–[28], the BS can estimate the num-
ber of transmitted preambles in each channel precisely. In addi-
tion, the proposed approach does not use SIC and CRRD, which
makes it easy to implement. In general, while SIC is promis-
ing to improve the performance of random access as mentioned
earlier, the implementation of SIC is known to be difficult. In
particular, since SIC requires to reproduce the received signals
of individual transmitted signals, a precise channel estimation is
required with propagation delay estimation as well as frequency
offset estimation (in uplink channels, each user has different fre-
quency offset and propagation delay). Thus, a small BS or gate-
way has difficult to implement SIC due to limited hardware and
computing resources. We believe that the proposed approach
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would be suitable for the case that low-cost small base stations
or gateways are used for MTC.

We also consider fast retrial and analyze the steady-state per-
formance to see the impact of exploration on delay performance
with fast retrial. It is shown that the delay outage probability
can be significantly reduced by exploration when the system is
lightly loaded.

In summary, the main contributions1 of the paper are as
follows: i) A multichannel ALOHA scheme is proposed with
preamble-based exploration to improve the throughput; ii) per-
formance analysis is carried out, which shows that the maximum
throughput of the proposed is higher than that of conventional
ALOHA by a factor of 2 − e−1; iii) using a steady-state anal-
ysis, it is shown that the exploration can significantly reduce
the delay outage probability when fast retrial is employed for a
lightly loaded system.

The rest of the paper is organized as follows. In Section II,
we present the motivation and system model for the proposed
approach. To see the performance, we consider the maximum
throughput analysis in Section III. A steady-state analysis is car-
ried out with fast retrial in Section IV. We discuss some imple-
mentation issues in Section V and present simulation results in
Section VI. The paper is concluded with remarks in Section VII.

Notation: Matrices and vectors are denoted by upper- and
lower-case boldface letters, respectively. E[·] denotes the sta-
tistical expectation. CN (a,R) represents the distribution of cir-
cularly symmetric complex Gaussian (CSCG) random vectors
with mean vector a and covariance matrix R.

II. MOTIVATION AND SYSTEM MODEL

Throughout this paper, we only consider a slotted ALOHA
system consisting of one BS and multiple users for uplink trans-
missions, where the BS periodically transmits a beacon signal
for synchronization.

A. Motivation

Consider a single-channel ALOHA system. Let Td denote
the length of data packet. Throughout the paper, it is assumed
that the data packets of users have the same length. If an active
user (with a data packet to transmit) knows that there are other
active users, she may not transmit to avoid collision. In order
to see whether or not there are other active users, suppose that
each user has a unique preamble and an active user transmits
its preamble sequence before data packet transmission, which
can be seen as the exploration to learn the environment. Let Tp
denote the length of preamble. It is assumed that Tp < Td in
general. At the end of preamble transmission, we assume that
the BS is able to detect all the transmitted preamble sequences
and sends a feedback signal to inform the number of the trans-
mitted preamble sequences. The length of feedback signal is
denoted by Tf .

An active user can make a decision whether or not she trans-
mits her data packet based on the feedback from the BS. If there
is only one preamble transmitted, the active user should send
a data packet as there is no other active user. However, if the

1A conference version of the paper is [29], where the main idea of the pro-
posed approach is presented without steady-steady analysis.
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Fig. 1. Throughput with known number of active users, K, and the maximum
throughput without knowing K, i.e., e−1.

number of transmitted preambles is larger than 1, each active
user may transmit a packet with a certain probability that might
be less than 1. For example, in order to maximize the probabil-
ity of successful transmission, the access probability might be
1/K, where K represents the number of active users or trans-
mitted preambles that is fed back from the BS. Therefore, for a
given K ≥ 1, the throughput, which is the average number of
transmitted packets without collisions, becomes

ηsa(K) =

(
1− 1

K

)K−1
≥ e−1. (1)

As K → ∞, we can see that ηsa approaches e−1. On the other
hand, if K = 1, ηsa = 1. From (1), the average throughput can
be shown to be higher than e−1 as follows:

E[ηsa(K)] ≥ e−1. (2)

On the other hand, suppose that the access probability, de-
noted by p, is decided without knowing K. In this case, if K is
a Poisson random variable with mean λ, where λ is seen as the
packet arrival rate, the throughput becomes

ηsa = pλe−pλ ≤ e−1, (3)

where the upper-bound can be achieved by p = 1/λ for λ ≥ 1.
Therefore, there is a gain2 (i.e., the difference between (2) and
(3)) obtained by the exploration that allows active users to know
how many are in contention, i.e, the number of active users, K.
In addition, as shown in (1), the gain increases if K is small,
which is also illustrated in Fig. 1.

B. The Proposed System based on Preamble-based Exploration

In this subsection, we propose a multichannel ALOHA sys-
tem with exploration using preamble transmissions.

Suppose that there areM orthogonal radio resource blocks for
multiple access channels. We assume that each active user can

2The gain can be offset by the overhead due to exploration, i.e., the overhead
due to preamble transmissions. However, if Tp � Td, the offset might be
negligible. We will discuss more details later.
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Fig. 2. An example with K = 3 and M = 4, where active user 2 chooses
channel 3 to transmit a preamble and two other active users (users 1 and 3)
choose channel 4.

randomly choose one channel and transmit a preamble signal to
the BS in the exploration phase (EP). After the EP, the BS can
find the number of active users for each channel. Let km denote
the number of active users transmitting their preambles through
the mth channel. Then, the BS broadcasts the numbers of active
users for all the channels, {k1, · · ·, kM} so that all the active
users can see the state of contention. For example, an active
user transmits a preamble through the 1st channel and sees that
k1 = 1. In this case, clearly, the user is only one active user
using channel 1.

Let S = {m | km = 1, m = 1, · · ·,M}, i.e., S is the index set
of the channels with only one active user transmitting preamble.
For convenience, let Sc denote the complement of S. In the
data transmission phase (DTP), if a user transmitting a preamble
through channel m sees that km = 1 or m ∈ S, the user can
send a data packet through the mth channel. For convenience,
this user is referred to as a contention-free user. The group of
contention-free active users is also referred to as Group I. On
the other hand, when m ∈ Sc (which implies that km ≥ 2 as
the user transmits a preamble through channel m and m /∈ S),
the user is referred to as a user in contention, and the group of
active users in contention is referred to as Group II.

An example is shown in Fig. 2 with K = 3 and M = 4.
Active user 2 chooses channel 3 to transmit a preamble and
two other active users (users 1 and 3) choose channel 4. From
this, the feedback information from the BS to the active users
is {k1, k2, k3, k4} = {0, 0, 1, 2}. As a result, S = {3} and
Sc = {1, 2, 4}, and active user 2 belongs to Group I and active
users 1 and 3 belong to Group II.

If the user in contention transmits a packet through channel
m, it will be collided with others. To avoid packet collision, the
user can choose a different channel, say channel l ∈ Sc, and
transmits a packet. However, since another user in contention
can choose channel l, there can be packet collision.

Although it is not possible to prevent collisions for users in
contention, in order to mitigate packet collisions, we can assume
that each user in contention can randomly choose a channel in
Sc with an access probability, pdtp, in the DTP to transmit a
packet, while a user in contention does not transmit a packet
with probability 1− pdtp.

It is noteworthy that since the feedback after EP in the pro-
posed approach is not used for access control, it is different from

existing collision-resolution algorithms [30]. In the proposed
multichannel ALOHA with EP, thanks to multiple channels, the
feedback after EP is used to keep a selected channel (in Group
I) or re-choose a channel (in Group II) by each active user. Ac-
cording to Fig. 2, a frame consists of EP, feedback, and DTP.
After each frame, another feedback can be transmitted from the
BS to inform success or collision of packet transmissions, which
can be used for access control as in conventional random access
schemes.

C. Estimation of Number of Transmitted Preambles

In multichannel ALOHA with EP, we have assumed that the
BS can estimate {km}. In this subsection, we provide examples
to demonstrate the estimation of {km}.

There can be two different cases when an active user transmits
a preamble. In the first case, a common set or pool of preambles,
denoted by C = {c1, · · ·, cL}, can be used. Here, cl represents
the lth preamble sequence (of length Tp) andL denotes the num-
ber of the preambles in C. Any active user is to randomly choose
one in C. At the BS, the signal received through themth channel
can be expressed as follows:

ym = Csm + nm, (4)

where C = [c1 · · · cL] and nm ∼ CN (0, N0I) is the back-
ground noise vector. Here, the lth element of sm, denoted by
sm,l, is given by sm,l =

∑
k∈Km,l hk

√
Pk, where hk is the

channel coefficient from active user k to the BS, Pk is the trans-
mit power of active user k, andKm,l is the index set of the active
users choosing the lth preamble in the mth channel. Suppose
that active users can decide their transmit powers to reach a tar-
get signal-to-noise ratio (SNR), i.e., |hk|2Pk/N0 ≥ Γ, where
Γ is the target SNR. It is expected that sm is a km-sparse vec-
tor (recall that km is the number of the active users in the mth
channel). Then, when L > Tp, using compressive sensing algo-
rithms [31], the BS is able to estimate sm under certain condi-
tions (of C and the maximum sparsity of sm) [32], [33], which
has been discussed in the context of compressive random access
[24]–[27]. Once sm is estimated, the determination of the num-
ber of active users or the estimation of km becomes straightfor-
ward (because km can be found from the sparsity of sm), while
preamble collision3 [34], [35] can result in errors in estimating
km. From [36], for the mth channel, the conditional probability
of no preamble collision can be found as

Pm(km) =

km−1∏
k=1

(
1− k

L

)
≈ e−

km(km−1)
2L , (5)

where the approximation is actually a lower-bound (thus,
1− e−km(km−1)/(2L) is an upper-bound on the conditional
probability of preamble collision). If K active users are uni-
formly distributed over M channels and K is assumed to follow

3It can happen as a preamble can be chosen by multiple active users.
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a Poisson distribution with mean λ, it can be shown that

Pm =

∞∑
km=0

e−
km(km−1)

2L p λ
M

(km)

≈
∞∑

km=0

(
1− km(km − 1)

2L

)
p λ
M

(km) = 1− λ2

2LM2
, (6)

where λ/M < 1. Thus, λ2/(2LM2) becomes the probability
of preamble collision. It can be shown that

1− Pm ≤ δ ⇒
λ2

2LM2
≤ δ, (7)

where δ � 1 is a threshold probability of preamble collision.
To keep δ, we need

L ≥ λ2

2δM2
. (8)

In the second case, it is assumed that all users have unique
preamble sequences. In this case, there is no preamble colli-
sion. However, there are a large number of columns of the ma-
trix of preambles (which is the same as the number of all users),
which makes the sparse signal estimation (and the determination
of the number of active users) difficult. To avoid it, as suggested
in [37], sparse preamble sequences can be used.

In summary, by exploiting the notion of compressive sens-
ing, it is possible to determine km at the BS. Note that, in
the first case, it is not necessary that the preamble sequences
are orthogonal. For example, we can use Zadoff-Chu or All-
top sequences [38] for preambles with reasonably low cross-
correlation. In this case, the number of preambles becomes
L = T 2

p (for Alltop sequences) when Tp ≥ 5 is a prime. That is,
a large number of preambles to keep the probability of pream-
ble collision low can be obtained with a reasonable length of
preamble, Tp.

III. MAXIMUM THROUGHPUT COMPARISON

In this section, we focus on the maximum throughput for two
schemes, namely conventional multichannel ALOHA and mul-
tichannel ALOHA with EP. As mentioned earlier, it is assumed
that the length of data packet, Td, is the same for all active users.
We show that the ratio of the maximum throughput of multi-
channel ALOHA with EP to that of conventional multichannel
ALOHA becomes 2 − e−1 ≈ 1.632, which can be seen as the
gain of exploration.

A. Throughput of Conventional Multichannel ALOHA

In conventional multichannel ALOHA, we can find the aver-
age number of packets without collisions as follows:

Nma(K,M) = K

(
1− 1

M

)K−1
. (9)

For a large K, it can be shown that

Nma(K,M) = K

(
1− 1

M

)K−1
≈ Ke−K

M

≤ N̄ma(M) = Me−1, (10)

where N̄ma(M) is the maximum throughput of multichannel
ALOHA, which can be achieved if K = M . In addition, as
in [39], the arrival rate has to be lower than Me−1 for system
stability.

B. Throughput of Multichannel ALOHA with EP

One of the main results of the paper can be stated as follows.
Theorem 1: The ratio of the maximum throughput of multi-

channel ALOHA with EP to that of conventional multichannel
ALOHA is

η = 2− e−1. (11)
In the rest of this subsection, we prove Theorem 1.

Prior to the proof, we can briefly compare the normalized
maximum throughput (per channel) with those of well-known
schemes as follows:

max
Nma

M
= e−1 ≈ 0.3679

max
Nep

M
= e−1(2− e−1) ≈ 0.6004

max
Nco

M
= 1,

where Nco represents the throughput of coded random access.
As in [14], the normalized throughput of coded random access
can approach 1 under ideal conditions (i.e., all the transmit-
ted packets can be recovered regardless of collisions). Further-
more, for NOMA-based random access, the maximum normal-
ized throughput can be higher than 1 thanks to virtual multi-
ple channels in the power-domain. However, both coded and
NOMA-based random access schemes need to have SIC at the
BS. On the other hand, the proposed scheme (i.e., multichannel
ALOHA with EP) does not require SIC like conventional multi-
channel ALOHA.

Let S = |S|, where S represents the number of active
users that can transmit packets without collisions. Clearly, S ≤
min{K,M}. In addition, let W = K − S, where W becomes
the number of active users in contention. For convenience, let

L = M − S. (12)

Clearly, L is the number of the channels that are available for
contention-based transmissions forW active users in contention
or Group II. In addition, suppose that among W , U active users
in contention are to transmit their packets through L channels.
Clearly, for given W , U has the following distribution:

P(U = u |W ) =

(
W

u

)
pudtp(1− pdtp)W−u. (13)

Throughout the paper, we assume that

pdtp = min

{
1,
L

W

}
, (14)

which maximizes4 the average number of packets without colli-
sions in Group II.

4For Group II, we can consider a multichannel ALOHA system with L chan-
nels and W users. In this case, pdtp is seen as the access probability that can
maximize the throughput if it is given in (14) [39], [10].
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For a given U , the conditional average number of the pack-
ets that can be successfully transmitted from U users without
collisions in contention during DTP becomes U (1− 1/L)

U−1.
As a result, the conditional average number of packets without
collisions (for given U , L, and S) is given by

Nep(U,L, S) = S + U

(
1− 1

L

)U−1
, (15)

where the first term on the right-hand side (RHS) in (15) is the
number of packets without collisions from Group I and the sec-
ond term is that from Group II. For convenience, let

Nep(K,M) = E[Nep(U,L, S) |K], (16)

which is the average number of packets without collisions (for
given K and M ) in multichannel ALOHA with EP.

Lemma 1: Suppose that M and K are sufficiently large so
that L and W are also large. The upper bound on Nep(K,M) is
given by

Nep(K,M) ≤Me−1 + S̄(K)(1− e−1). (17)
Proof: From (15), we have

Nep(K,M) = E[Nep(U,L, S) |K]

= E[S |K] + E

[
U

(
1− 1

L

)U−1
|K

]
. (18)

In (18), it can be shown that

S̄(K) = E[S |K] = K

(
1− 1

M

)K−1
. (19)

Since U depends on W and W depends on K, we have

E

[
U

(
1− 1

L

)U−1 ∣∣K] = E

[[
U

(
1− 1

L

)U−1 ∣∣W] ∣∣K] .
From (13), after some manipulations, it can be shown that

E

[
U

(
1− 1

L

)U−1
|W

]
= pdtpW

(
1− pdtp

L

)W−1
. (20)

If pdtp/L � 1, it follows that pdtpW (1− pdtp/L)
W−1 ≈

pdtpWe−
pdtpW

L ≤ Le−1. The upper bound can be achieved
if

pdtp =
L

W
≤ 1. (21)

As a result, since L = M − S, it can be shown that

E

[
U

(
1− 1

L

)U−1 ∣∣K] ≤ E[Le−1 |K]

= (M − E[S |K])e−1. (22)

Substituting (19) and (22) into (18), we have

Nep(K,M) ≤ S̄(K) + (M − S̄(K))e−1

= Me−1 + S̄(K)(1− e−1), (23)

which completes the proof. 2

From (17), the maximum throughput of multichannel
ALOHA with EP is given by

N̄ep(M) = max
K

Nep(M,K)

= Me−1 + (1− e−1) max
K

S̄(K). (24)

For a sufficiently large K, S̄(K) ≈ Ke−K/M . Thus, if we
consider the throughput gain using the ratio of the maximum
throughput of multichannel ALOHA with EP to that of conven-
tional ALOHA, it can be shown that

η =
N̄ep(M)

N̄ma(M)
=
Me−1 + (1− e−1)Me−1

Me−1

= 2− e−1 ≈ 1.632, (25)

which finally proves Theorem 1. From this, it is clear that the
EP can improve the performance of multichannel ALOHA (in
terms of the throughput) by a factor of 1.632.

IV. STEADY-STATE ANALYSIS WITH FAST RETRIAL

In this section, a steady-state analysis is carried out when fast
retrial in [40] is used. The throughput and probability of colli-
sion are found when the total arrival rate is modeled as a Poisson
random variable.

A. Steady-State Analysis of Conventional Multichannel ALOHA

Suppose that the number of new arrivals follows a Poisson
distribution with mean λ0. As in [40], we assume that the to-
tal of the new and back-logged arrivals, which is K, follows a
Poisson distribution with mean λ that is given by

λ = λ0 + qmaλ, (26)

where qma is the probability of collision of conventional multi-
channel ALOHA.

For a given λ, under the assumption that K is a Poisson ran-
dom variable with mean λ, the average number of packets with-
out collisions becomes

Nma(M) = E

[
K

(
1− 1

M

)K−1]

=

∞∑
k=0

k

(
1− 1

M

)k−1
pλ(k) = λe−

λ
M , (27)

where pλ(k) = e−λλk/k! is the probability mass function of a
Poisson random variable with mean λ. As in [40], qma can be
given by the following ratio:

qma =
E[Number of collided packets]

E[Number of transmitted packets]

= 1− Nma(M)

E[K]
= 1− e− λ

M . (28)

Then, from (26) and (28), we can see that λ is the solution of the
following equation:

λ0 = λe−
λ
M , λ ∈ [0,M), (29)
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Furthermore, it can be shown that Nma(M) = λ0, which means
that in the steady state, the input arrival rate, i.e., λ0, is identical
to the output rate that is the average number of packets without
collisions.

B. Steady-State Analysis of Multichannel ALOHA with EP

For givenK andM , the number of packets without collisions
can be re-written as

Nep(K,M) = E

[
S +

W∑
w=1

Zw |K

]
, (30)

where Zw ∈ {0, 1} is 1 if the wth active user in Group II trans-
mits a packet, and otherwise it becomes 0. For steady-state
analysis, as in Subsection IV.A, we need to find E[Nep(K,M)],
where the expectation is carried out over K. Unfortunately, it
is not easy to find a closed-form expression for E[Nep(K,M)].
Thus, we resort to a bound as follows.

Theorem 2: Suppose that K follows a Poisson distribution
with mean λ. Then, a lower-bound on the average number of
packets without collisions is given by

Nep(M) = E[Nep(K,M)] ≥ (1− e−1)λe−
λ
M

+ e−1 (M(1− Fλ(M)) + λFλ(M − 1)) , (31)

where Fλ(M) =
∑M
m=0 pλ(m) is the cumulative distribution

function of a Poisson random variable with mean λ.
Proof: In (30), it can be shown that

E[Zw |W,L] = pdtp

(
1− pdtp

L

)W−1
. (32)

Suppose that K ≤ M . In this case, we have L/W = (M −
S)/(K − S) ≥ 1, pdtp has to be 1 according to (14). Thus, it
can be shown that

E

[
W∑
w=1

Zw |W,L

]
= W

(
1− 1

L

)W−1
. (33)

Substituting (33) into (30), we have

Nep(K,M) ≥ Ke−1 + E[S |K](1− e−1). (34)

We now consider the case that K > M . It can be shown that

Nep(K,M) = E
[
S +Wpdtp

(
1− pdtp

L

)W−1 ∣∣K]
≥ E[S + Le−1 |K]

= Me−1 + E[S |K](1− e−1). (35)

From (34) and (35), we have

Nep(K,M) ≥ min{K,M}e−1 + E[S |K](1− e−1). (36)

Since K is a Poisson random variable with mean λ, using (19),

it can be shown that

E[Nep(K,M)] ≥ e−1
∞∑
m=0

min{m,M}pλ(m)

+ (1− e−1)

∞∑
m=0

m

(
1− 1

M

)m−1
pλ(m)

= e−1
∞∑
m=0

min{m,M}pλ(m)

+ (1− e−1)λe−
λ
M . (37)

After some manipulations, we have

∞∑
m=0

min{m,M}pλ(m)

=

∞∑
m=0

mpλ(m)−
∞∑

m=M+1

(m−M)pλ(m)

= λ− (λ−M)(1− Fλ(M − 1))−Mpλ(M). (38)

Substituting (38) into (37), we can obtain the RHS term in (31),
which completes the proof. 2

Suppose that λ is sufficiently smaller than M so that |1 −
Fλ(M)|, |1 − Fλ(M − 1)| ≤ ε, where 0 < ε � 1. Then, from
(31), we can show that

Nep(M) ≥ (1− e−1)λe−
λ
M + e−1λ+O(ε). (39)

Since λ ≥ λe−λ/M , it can be shown that (1 − e−1)λe−λ/M +
e−1λ ≥ λe−λ/M . Thus, ignoring the term of O(ε), it can be
shown that

Nep(M)−Nma(M) ≥ e−1λ
(

1− e− λ
M

)
, (40)

which shows that the average number of packets without col-
lisions of multichannel ALOHA with EP is larger than that of
conventional multichannel ALOHA and the performance gap
increases as λ increases. Furthermore, since (40) is re-written
as

Nep(M)−Nma(M) ≥ e−1α(1− e−α)M, (41)

where α = λ/M , with a fixed α, we can see that the gap grows
linearly with M .

In general, we expect that λ < M to avoid a large number of
back-logged packets. In this case, an approximation of Nep(M)
can be found as follows.

Lemma 2: Suppose that M is sufficiently large. If λ < M ,
Nep(M) can be approximated by

Nep(M) ≈ Ñep(M) = λ− A1 − 2A2 +A3

M
, (42)

where A1 = λ(1 + λ), A2 = λe−λ/M (1 + λ (1− 1/M)), and
A3 = λe−λ+λ(1−1/M)2

(
1 + λ (1− 1/M)

2
)

.

Proof: Since λ < M , Nep(K,M) can be approximated
by (34) (i.e., for the case of K ≤ M ). In addition, in (34), we
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can show that

S + (K − S)

(
1− 1

M − S

)K−1−S
≈ S + (K − S)

(
1− 1

M

)K−1−S
(for M � S)

≈ S + (K − S)

(
1− K − S

M

)
(for M � 1)

= K − (K − S)2

M
. (43)

Thus, an approximation of Nep(M) is given by

Nep(M) ≈ E[K]− E[(K − S)2]

M

= λ− 1

M
E[E[K2 − 2SK + S2 |K]]. (44)

After some manipulations, we can show that

E[K2] = A1,

E[E[SK |K]] = E

[
K2

(
1− 1

M

)K−1]
= A2,

E[E[S2 |K]] = E

[
K2

(
1− 1

M

)2(K−1)
]

= A3. (45)

Substituting (45) into (44), we can obtain (42), which completes
the proof. 2

Theorem 3: Suppose that λ and M increase with a fixed ra-
tio α < 1. Then, the asymptotic normalized throughput can be
given by

lim
M→∞

Ñep(M)

M
= ψ(α) = α− α2(1− e−α)2. (46)

The function ψ(α) is a concave function of α ∈ (0, 1) and has a
unique maximum.

Proof: Since limM→∞A1/M
2 = α2, limM→∞A2/M

2 =
α2e−α, and limM→∞ /A3M

2 = α2e−2α, it can be easily
shown that

lim
M→∞

Ñep(M)

M
= α− α2(1− 2e−α + e−2α), (47)

which becomes ψ(α) in (46).
The 2nd derivative of ψ(α) is given by

ψ′′(α) = −2
(
(1− (1− α)e−α)2 + α(1− e−α)(2− α)e−α

)
≤ 0, α ∈ (0, 1),

which shows that ψ(α) is a concave function of α ∈ (0, 1). This
completes the proof. 2

The maximum of ψ(α) lies between 0 and 1 as ψ′(0) = 1 > 0
and ψ′(1) = 2e−1 − 1 < 0, which is given by

max
0≤α≤1

ψ(α) = 0.6149. (48)

Note that the normalized maximum throughput of the conven-
tional multichannel ALOHA is

max
λ

λe−
λ
M

M
= max

α
αe−α = e−1 = 0.3679. (49)

Clearly, when fast retrial is employed, multichannel ALOHA
with EP can have a higher throughput than the conventional mul-
tichannel ALOHA and the performance gain (in terms of the
throughput ratio) is max0≤α≤1 ψ(α)/e−1 = 0.6149/0.3679 ≈
1.6715, which is similar to the ratio of the maximum through-
put of multichannel ALOHA with EP to that of conventional
ALOHA in (25).

On the other hand, if the system is lightly loaded, i.e.,
λ0 �M , the throughput difference between the two systems
is not significant. To see this, let α0 = λ0/M , which is the nor-
malized throughput or throughput per channel. Then, from (29),
in conventional multichannel ALOHA, we have

α0 = αe−α ≈ α (for α0 � 1). (50)

Using Ñep(M) as an approximation of Nep(M), for given λ0,
from (26) and (46) (for a large M ), it can be shown that

α0 =
Ñep(M)

M
= α− α2(1− e−α)2

≈ α− α4 ≈ α (for α0 � 1). (51)

However, the exploration gain can lead to an improvement of
access delay performance. To see this, let qep be the probability
of collision of multichannel ALOHA with EP. From qep, the
outage probability of access delay with D re-transmissions can
be given by

Pep(D) = Pr(access delay > D)

= 1−
D−1∑
d=0

(1− qep)qdep = qDep, (52)

while the average access delay is 1/(1− qep). As in (26), it can
be shown that

qep = 1− Nep(M)

λ
. (53)

Then, for a largeM , using Ñep(M) ≈ Nep(M), it can be shown
that

qep = 1− ψ(α)

α
= α(1− e−α)2, (54)

while
qma = 1− e−α. (55)

Then, when α ≈ α0 is sufficiently small, it can be shown that
qep ≈ α(1− (1− α))2 ≈ α3

0 and qma ≈ 1− (1− α) ≈ α0. It
demonstrates that the delay outage probability of multichannel
ALOHA can be significantly lowered by exploration when the
system is lightly loaded. For example, if α0 = 0.1 and the
access delay threshold is D = 2, according to (52), the delay
outage probability of multichannel ALOHA with EP becomes
0.16 = 10−6, while that of conventional multichannel ALOHA
is 0.12 = 10−2.
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Fig. 3. Comparisons between multichannel ALOHA with EP and conventional
multichannel ALOHA: (a) α = λ/M versus α0 = λ0/M and (b) proba-
bilities of collision as functions of α0 = λ0/M .

In Fig. 3(a), we show the relationship between α0 = λ0/M
and α for multichannel ALOHA with EP (from (51)) and that
of conventional multichannel ALOHA. For a given normalized
new arrival rate (i.e., α = λ/M ), multichannel ALOHA with
EP has a lower normalized total arrival rate (i.e., α) than conven-
tional multichannel ALOHA, which means that the probability
of collision in multichannel ALOHA with EP is lower than that
in conventional multichannel ALOHA, which is illustrated in
Fig. 3(b). When α < 0.1 (i.e., a lightly loaded case), we see that
α ≈ α0 in Fig. 3(a) as expected, while qep is significantly lower
than qma in Fig. 3(b) (which implies a significant decrease of the
delay outage probability). Note that the expression in (51) from
(46) is valid when α < 1. Thus, as α approaches 1, it cannot be
used (which will also be discussed in Section VI).

V. IMPLEMENTATION ISSUES

A. Cost for Exploration

In multichannel ALOHA with EP, each active user has to
transmit a preamble prior to packet transmission. Recalling that
Tf is the length of feedback signal, the length of slot in multi-
channel ALOHA with EP is Tp + Td + 2Tf , while that in con-
ventional ALOHA is Td + Tf . In multichannel ALOHA with
EP, there are two types of feedback: one is for the numbers of
transmitted preambles in M channels and the other is for the
collisions of packets from the active users in Group II. Thus, the
following factor can be considered:

κ =
Td + Tf

Tp + Td + 2Tf
=

1

1 + εT
, (56)

where εT = (Tp + Tf)/(Td + Tf). The effective throughput of
multichannel ALOHA with EP for the comparison with that of
conventional multichannel ALOHA becomes κNep(M). As a
result, if

κNep(M) > Nma(M),

the exploration becomes beneficial to improve the performance
of multichannel ALOHA. As mentioned earlier, since Td � Tp,
we can see that κ ≈ 1. Thus, in general, multichannel ALOHA
with EP can have a better performance than conventional multi-
channel ALOHA.

B. Downlink for Feedback

As mentioned earlier, in multichannel ALOHA with EP, the
BS needs to feed back the number of active users in each chan-
nel, {k1, · · ·, kM}. Thus, if nf bits are allocated for each km,
there might be nfM bits required for the feedback. Here,
nf = dlog2 max kme, where max km might be a constant.

In fact, the number of feedback bits can be reduced. For each
channel, it is necessary to send one bit: bm = 1 if km = 1 and
bm = 0 otherwise, where bm is one-bit feedback for channel m.
If an active user that transmits a preamble to channel m receives
bm = 1, this user belongs to Group I (i.e., contention-free),
and S = {m | bm = 1}. Otherwise, an active user becomes a
member of Group II. In this case, to decide pdtp, the BS needs to
send additional information, which is W , while L can be found
at any active user from {bm} as L = M −

∑M
m=1 bm. Thus, a

total number of feedback bits is M + dlog2 maxW e.

VI. SIMULATION RESULTS

In this section, we present simulation results for multichannel
ALOHA when K follows a Poisson distribution with mean λ.
In addition, we only consider the case that λ ≤ M . Note that
if λ > M , the system is overloaded. In this case, since there
might be more active users than channels, it is expected that
km > 1 for most m. Therefore, the exploration gain would
be diminished and multichannel ALOHA with EP becomes less
useful.

In Fig. 4, the normalized throughputs, E[Nma(M)]/M for
conventional multichannel ALOHA and E[Nep(M)]/M for
multichannel ALOHA with EP, are shown as functions of the
normalized arrival rate, α = λ/M , when M = 100. Clearly,
we can see that multichannel ALOHA with EP can provide a
higher throughput than conventional multichannel ALOHA. For
multichannel ALOHA with EP, we also show the lower-bound
and approximation in (31) and (42), respectively. In addition,
the normalized throughput from the asymptotic throughput ex-
pression in (46) is presented. When α is sufficiently low (e.g.,
α ≤ 0.5), we can see that the approximation in (42) (and the
asymptotic expression in (46)) agrees with simulation results.

Fig. 5 shows the total throughputs of conventional multichan-
nel ALOHA and multichannel ALOHA with EP as functions of
M when λ = 20. As in Fig. 4, we can see that the exploration
can help improve the throughput of multichannel ALOHA.

In Fig. 6, the total throughputs of conventional multichan-
nel ALOHA and multichannel ALOHA with EP are shown as
functions of M when α = λ/M = 0.8 is fixed. As shown by
the lower-bound in (41), the difference between the throughputs
grows linearly with M .

We now consider the simulation results with fast retrial,
where collided packets can be re-transmitted in the next slot.
In Fig. 7(a), the relationship between λ and λ0 is shown for
conventional multichannel ALOHA and multichannel ALOHA
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Fig. 7. Performance of conventional multichannel ALOHA and multichannel
ALOHA with EP when fast retrial is used with M = 100: (a) the rela-
tionship between λ and λ0; (b) the relationship between the probability of
collision and λ0.

tween λ and λ0 under the assumption that the total of the new
and back-logged arrivals follows a Poisson distribution agrees
with simulation results when λ0 is sufficiently low (λ0 ≤ 30
for conventional multichannel ALOHA and λ0 ≤ 40 for multi-
channel ALOHA with EP). We also observe that multichannel
ALOHA with EP can have a smaller number of back-logged
packets than conventional multichannel ALOHA, since λ of
multichannel ALOHA with EP is smaller than that of conven-
tional multichannel ALOHA at the same value of λ0. This is
due to the fact that the probability of collision of multichannel
ALOHA with EP is lower than that of conventional multichan-
nel ALOHA as shown in Fig. 7 (b).

Note that the steady-state analysis in Section IV is based on
the assumption that λ follows a Poisson distribution as in (26).
In general, if there are a number of collided packets, this as-
sumption cannot be used [40]. Furthermore, the approximation
in (42) and the asymptotic expression in (46) are reasonable
when λ < M . As a result, the analysis in Section IV can be
used only when λ0 is sufficiently lower than M or for a lightly
loaded system, which is in fact the case that we are interested in
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to consider the exploration for multichannel ALOHA as men-
tioned earlier.

VII. CONCLUDING REMARKS

In this paper, an exploration approach has been proposed for
multichannel ALOHA by sending preambles prior to packet
transmissions to allow active users to learn the state of con-
tention. We found that the exploration gain is 2−e−1 in terms of
the ratio of the maximum throughput of multichannel ALOHA
with EP to that of conventional multichannel ALOHA. As a
result, with the same bandwidth, compared with conventional
multichannel ALOHA, we could see that the proposed multi-
channel ALOHA with EP can support more sensors and devices
in MTC. We also showed that the exploration can significantly
decrease the delay outage probability when the system with fast
retrial is lightly loaded.
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