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ABSTRACT
In this article, we present a unified error analysis of two-grid methods for a class of nonlinear
problems. We first study the two-grid method of Xu by recasting the methodology in the abstract
framework of Brezzi, Rappaz, and Raviart (BRR) for approximation of branches of nonsingular
solutions and derive a priori error estimates. Our convergence results indicate that the correct
scaling between fine and coarse meshes is given by h = O(H2) for all the nonlinear problems
which can be written in and applied to the BRR framework. Next, a correction step can be
added to the two-grid algorithm, which allows the choice h = O(H3). On the other hand, the
particular BRR framework with duality pairing, if it is applied to a semilinear problem, allows a
higher order relation h = O(H4). Furthermore, even the choice h = O(H5) is possible with the
correction step either on fine mesh or coarse mesh. In addition, elliptic problems with gradient
nonlinearities and the Naiver-Stokes equations are considered to illustrate our unified theory.
Finally, numerical experiments are conducted to confirm our theoretical findings. Numerical
results indicate that the correction step used as a simple postprocessing enhances the solution
accuracy, particularly for problems with layers.

TWO-GRID METHODS FOR THE BRR FRAMEWORK

Let X and Y be real Banach spaces with the norms ‖ · ‖X and ‖ · ‖Y , respectively. Let Λ ⊂ R be
a compact interval and denote L (X;Y ) by the set of all linear and continuous operators from
X into Y . First, we consider the following nonlinear problem: find (ν, φ) ∈ Λ×X such that

F (ν, φ) := φ+ SG(ν, φ) = 0, (1)

where S ∈ L (Y ;X) is a linear operator independent of ν and G : Λ × X → Y is a C1
mapping. The set {(ν, φ(ν)) : ν ∈ Λ} is called a branch of solutions of (1) if F (ν, φ(ν)) = 0
and the map ν → φ(ν) is continuous from Λ into X . If the Fréchet derivative DφF (ν, φ(ν))
of F with respect to φ is an isomorphism of X for all ν ∈ Λ, then the branch of solutions
{(ν, φ(ν)) : ν ∈ Λ} is called nonsingular.

To approximate problem (1) we introduce an operator Sh ∈ L (Y ;X) intended to approx-
imate the linear operator S, where h > 0 is a real parameter which will tend to zero. The



approximate problem of nonlinear problem (1) is to find φh ∈ X such that

Fh(ν, φ
h) := φh + ShG(ν, φh) = 0. (2)

We assume that the following hypotheses.
(H1) DφG is Lipschitz continuous in the sense that there exists a function ξ → L(ξ) : R+ →

R+, locally bounded, such that for all ψ ∈ B(φ, ξ), the closed ball with center φ and radius
ξ,

‖DφG(ν, φ)−DφG(ν, ψ)‖X;Y ≤ L(ξ)‖φ− ψ‖X ;

(H2) There exists another Banach space Z ↪→ Y , continuously imbedding, such that ∀ν ∈ Λ,
∀φ ∈ X

DφG(ν, φ) ∈ L (X;Z).

(H3) For all y ∈ Y
lim
h→0
‖(S − Sh)y‖X = 0.

(H4)
lim
h→0
‖S − Sh‖Z;X = 0.

Algorithm 1: Xu’s two-grid algorithm
Step 1: Solve nonlinear system on coarse mesh

Find φH(ν) ∈ XH such that FH(ν, φH(ν)) = 0.
Step 2: Update on fine mesh with one Newton iteration

Find φh(ν) ∈ Xh such that DφFh(ν, φ
H(ν))(φh(ν)− φH(ν)) = −Fh(ν, φH(ν)).

Theorem 0.1. Assume that (H1)-(H4) hold. If φH(ν) and φh(ν) are solutions obtained from
Algorithm 1 and if φh(ν) is a nonsingular solutions of (2), then there exists a positive constant
C independent of mesh sizes h and H such that

‖φh(ν)− φh(ν)‖X ≤ C‖φh(ν)− φH(ν)‖2X . (3)
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