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ABSTRACT 

 

This paper presents analytical and computational homogenization formalism for nonlinear and 

linear response of aerospace composite materials, respectively. Applications of light-weight, 

high specific strength and stiffness composites has experienced significant growth in 

aerospace industries since composites can enhance physical properties and realize 

multifunctions as well. Super high temperature ceramic matrix composites (CMC) such as 

C/SiC composites are manufactured with complex micro and mesoscale structures holding 

high material and geometrical uncertainties. Design of aerospace structures made of CMC 

materials requires effective thermomechanical properties. To obtain the effective 

thermomechanical properties and evaluate uncertainty propagation, we proposed hierarchical 

computational homogenization method and stochastic multiscale bridging approach. The idea 

can evaluate statistical variations of effective thermomechanical properties. On the other hand, 

polymeric matrix composites (PMC) are improved with nanoscale fillers. PMC often shows 

highly nonlinear response under mechanical loadings. Therefore, we also present a nonlinear 

homogenization method to simulate effective plastic response of polymer-based 

nanocomposites with ductile damage. 

 

TWO-SCALE ASYMPTOTIC COMPUTATIONAL HOMOGENIZATION 

 

We consider a macroscale spatial domain ( ) with microscale RVE domain ( ) having 

periodic heterogeneity. To indicate independent field variables defined in the macroscale 

domain ( ) are asymptotically expanded, we write the domain ( ) as .  and 

 in  space are coordinates in the macroscale and microscale domains, 

respectively. They are related as  
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 is considered as a magnification factor. The gradient of any material response  is 

expressed as 

  and  (2) 

Governing differential equations for mechanical and heat conduction problems are expressed 

as follows 
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Where  and T are stress and temperature, respectively;  is the body force; superscript  

indicates association of the stress and temperature with size of periodic microstructure;  is 

domain under consideration; and Q is the internal heat generation rate. Asymptotic expansions 

of the displacement and temperature are expressed as 
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where  is the scale factor. Through two-scale asymptotic homogenization method, the 

homogenized constitutive tensor can be derived as 
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where  is the fourth-order symmetric tensor and  is the 

displacement influence function under the macroscale strain (i.e. displacement) boundary 

conditions. Under unit thermal loading over the representative volume element (RVE), 

volumetric averaged strain is equal to effective anisotropic CTE as 
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The homogenized heat conductivity tensor is defined as 
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where  is the random thermal conductivity tensor and  is the kronecker 

delta and  is the temperature influence function considered as mapping from macroscale 

temperature to the microscale temperature. 

 

NONLINEAR HOMOGENIZATION BY INCREMENTAL MORI-TANAKA 

METHOD 

 

The proposed method is mainly divided into two parts. One is to obtain elasto-plastic 

properties of two phases separately and the other is to perform homogenization by incremental 

Mori-Tanaka method. 

 

Plasticity of Constituents 

In the plasticity simulation procedure, we first assume stress increment at the macro scale. 

Then with scale transition techniques and initial strain concentration tensor assumed to be an 

identity tensor, we compute constitutive properties of matrix and inclusion at the micro scale. 

For matrix plasticity, we assumed J2 flow rule, while inclusion is assumed to be elastic. We 

assume isotropic hardening function in the power law form, R(p)=kpm, which is non-linear 

and a damage variable D is introduced to indicate ductile damage. Strain concentration tensor 



is to be updated in the process of incremental Mori-Tanaka method described in next section. 

Figure 1 indicates the plastic behavior of matrix and elastic behavior of inclusion phase. 

 
Figure 1. Stress-strain curve for matrix and inclusion separately 

 

Incremental Micromechanics Scheme 

This process is mainly to update the global strain concentration tensor (A) with 

incremental micromechanics scheme (IMS), and then output A tensor to plasticity part to 

iterate a loop until which the residual becomes less than a small tolerance. This incremental 

Mori-Tanaka homogenization method is based on differential scheme with gradual 

computational process of composites’ effective properties. Instead of traditional one-step 

Mori-Tanaka homogenization, the process is divided into multiple finite steps. Then, the 

strain concentration tensor A is computed by micromechanics Mori-Tanaka model. 

Furthermore, interfacial damage is also considered. The concept of incremental Mori-Tanaka 

homogenization scheme is especially useful in the case of high contrasts between matrix and 

inclusion. 

 

RESULTS AND DISCUSSIONS 

 

Thermomechanical Properties of C/SiC Composites 

Figure 2 shows samples of random field realization of elastic stiffness properties at the 

mesoscale from microscale homogenized effective properties. 

 

Figure 2. Property distribution of carbon fiber tow and matrix at the mesoscale (a) E2, (b) E1 

of carbon fiber tow and (c) E of SiC matrix 

 

 



Nonlinear Homogenization of Ductile PMC Materials 

Simulation results are presented in Figure 3 showing that effective properties are 

proportional to volume fraction. Comparison with literature [2] indicates validity of the model 

with slight difference that might be caused by different shapes of inclusions. Table 1 provides 

the material properties used in the simulation. 

 

Table 1. Effective properties of matrix and inclusion. 

Matrix Inclusion 

   k m   

75GPa 0.3 75MPa 416MPa 0.390 400GPa 0.2 

 

 
Figure 3. Macro stress-strain curve with various volume fraction. 

 

Results from the incremental Mori-Tanaka method show stress-strain curve along tangential 

direction of elasto-plastic curve. Further ductile damage in matrix phase will be considered 

with interfacial damage.  
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