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ABSTRACT 

 
A double-distribution lattice Boltzmann model is presented for simulating heat transfers in 
compressible viscous flows with flexible Prandtl number. The discrete Boltzmann BGK equation 
recovers the conservation relations of full compressible Navier-Stokes equation by introducing extra 
degree of energy. The equilibrium distribution function in the lattice model can be evaluated by 
discretizing circular function in the three-dimensional velocity phase space. The heat diffusion process 
in a square enclosure is simulated for steady rarefied gas flows over a wide range of Knudsen numbers. 
It is clearly shown that the temperature jumps at the solid boundaries increases as the Knudsen number 
of the flow becomes larger. 
 

INTRODUCTION 
 
This paper presents a double-distribution lattice Boltzmann model for simulation of full compressible 
flows with adjustable Prandtl number. The equilibrium distribution function is replaced with circular 
function where all mass, momentum, and energy is equally distributed along a circle. The steady 
process of the two-dimensional heat transfer flows in a square enclosure is numerically investigated 
using the finite-volume based method. The relationship between the temperature jumps at the solid 
surfaces and the rarefaction of the flow is numerically analyzed based on the solution of the lattice 
Boltzmann equation. 
 

THEORY AND METHODS 
 
The density distribution function of a gas particle is assumed to evolve according to the Bhatnagar-
Gross-Krook (BGK) model, which is an approximated version of the Boltzmann transport equation. 
Two different density distribution functions are newly introduced to develop lattice Boltzmann model 
for viscous compressible flows. The evolution equations of new density distribution function f  and 

potential energy distribution function g  are obtained by integrating the BGK model over all possible 

values of transverse velocities [1]. 
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The equilibrium distribution function for the evolution equations can be derived from the integration 
of the Lagrangian interpolation polynomial, which depends on the configurations of the lattice model 
in the velocity space. The two-dimensional-seventeen-velocity (D2Q17) circle function [2] is adopted 
to the double-distribution model to satisfy the moment relations for the conventional Navier-Stokes 
equation. It is assumed that the distributions of the density, momentum, and internal energy are 
concentrated on a circle of radius c , which is a function of 0.5T . 



, | | 2
4

,
2

 


 

eq

u c RT
cf

u

    
 


 

   (3) 

 
RESULTS AND DISCUSSION 

 
The temperatures of the top wall and side walls are assumed to be kept constant during the solution, 
while the bottom wall is isothermal but held with a different temperature ratio of 1.5. In Figure 1, the 
predicted temperature contours in the computational domain is presented for Kn =0.025, Kn =0.05, 
and Kn =0.1. One can see that the rate of temperature change along the direction of heat transfer 
decreases as the rarefaction of the flow increases. Figure 2 depicts the dependence of the relative 
temperature jumps at the bottom wall on the Knudsen number of the flow. The relative value of 
temperature refers to the ratio of temperature change at the hot wall to the analytic temperature jumps 
for free molecular flows. It is clearly shown that increasing the Knudsen number of the flow results in 
the increment of the relative jumps at the solid wall boundary. 
 

 

Figure 1. Line contours of temperature in the square enclosure 

 

Figure 2. Dependence of relative temperature at the hot surfaces 
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