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ABSTRACT 

 

The present study deals with the minimization of the Lebesgue constant for bivariate 

polynomials given in a tensor product form on the square domain. The Lebesgue constant, 

which is the maximum value of the Lebesgue function, plays an important role in approximation 

theory because it gives information about bounds of interpolation error. Thus, it has been 

utilized in many areas such as solution points of high-order methods and interpolation nodes 

for data approximation. In the past studies, several mathematical properties of the Lebesgue 

constant were revealed although many of them are still unanswered especially for multi-

dimensional cases. Despite its difficulty in an analytic way, numerical approaches have been 

continuously conducted to find the minimum Lebesgue constant in various settings. However, 

up to our knowledge, the bivariate tensor product polynomial space on the square domain has 

never been tried in spite of its importance in various numerical methods. Thus, we focus on this 

setting and apply various optimization techniques to minimize the Lebesgue constant. We also 

impose the Bernstein-Erdös theorem to further minimize the constant without rigorous 

mathematical proof, but it provides promising results. We will utilize the optimized points set 

found by the current study to improve the high-order numerical methods in the future works. 

 

Lebesgue Constant Minimization 

 

Definition of Lebesgue Constant 

Let 𝐒 be a polynomial space spanned by 

 

𝜙(𝑖): 𝐱 = [𝑥(1), ⋯ , 𝑥(𝑁)]
𝑇
∈ ℝ𝑁 ↦ ℝ for 𝑖 = 1,⋯ ,𝑀, (1) 

 

i.e., 𝐒 ≡ 〈𝜙(1), ⋯ , 𝜙(𝑀)〉. For a bounded set 𝐓 ⊂ ℝ𝑁 and a set of points 𝐗 = {𝐱1, ⋯ , 𝐱𝑀} ⊂ 𝑇 

such that det 𝐕 ≠ 0, where 𝐕 is a 𝑀-by-𝑀 matrix defined by 𝐕𝑖𝑗 ≡ 𝜙(𝑖)(𝐱𝑗), the Lebesgue 

function is defined as 

 

λ(𝐱, 𝐗) ≡ ∑ |ℓ(𝑖)(𝐱)|𝑀
𝑖=1 , (2) 

 

where [ℓ(1), ⋯ , ℓ(𝑀)]
T
≡ 𝐕−1[𝜙(1), ⋯ , 𝜙(𝑀)]

𝑇
. Here, 𝐕 is called the generalized Vandermonde 

matrix and ℓ(𝑖)(𝐱𝑗) = 𝛿𝑖𝑗  is satisfied, i.e., ℓ(𝑖)(𝐱) are interpolation functions. The Lebesgue 

constant is the maximum value of the Lebesgue function 

 



Λ(𝐗) ≡ max
𝐱∈𝐓

𝜆(𝐱, 𝐗). (3) 

 

The importance of the Lebesgue constant is that it provides the bound of interpolation error, 

so it has been challenged for a long time to find the set of points minimizing the Lebesgue 

constant [1-4]. Due to its interesting feature regarding the error boundedness, it plays a key role 

in approximation theory and this can be employed to improve high-order numerical methods 

[5,6]. 

In the current study, we consider the case of bivariate polynomials in a tensor product form 

defined on the square domain, i.e., we set the followings: 

  

𝐒 = ℚk([−1,1]) ≡ ℙ𝑘([−1,1]) ⊗ ℙ𝑘([−1,1]), (4) 

𝐓 = [−1,1] ⊗ [−1,1]. (5) 

 

Description of Minimization Procedure 

In order to find the set of points minimizing the Lebesgue constant in Eq. (3), we employ 

various optimization techniques. We first use stochastic gradient descent (SGD) 

 

𝐗𝑛+1 = 𝐗𝑛 − γ𝛁Λ(𝐗𝑛) ≈ 𝐗𝑛 − γ
Λ(𝐗𝑛 + Δ𝐗) − Λ(𝐗𝑛)

Δ𝐗
 

(6) 

 

where γ is an empirical step size and Δ𝐗 is a small perturbation, to find a set of points roughly 

minimize the Lebesgue constant. In each step, Eq. (3) is precisely computed via gradient 

descent (GD) using an analytical gradient. As the next step, to find more optimized points, we 

solve the following constrained optimization problem 

 

min
𝐗⊂𝐓

Λ(𝐗) subjected to λ(𝐲, 𝐗) = 𝑐 (6) 

 

for all local maxima both inside and on boundary of the domain. This is attacked using the 

method of Lagrange multipliers via GD, and we use the dual number approach for automatic 

differentiation to analytically compute the gradient of the Lebesgue constant with respect to 𝐗. 

This is based on the assumption that the Bernstein-Erdös theorem [7-9] is also satisfied in multi-

dimensional domain although we could not prove it. However, the optimized results inductively 

verify the effectiveness of this assumption. 

 

Results of the Optimization 

Here, we provide results of the optimization in Fig. 1. The current approach finds new 

points having about 10% smaller Lebesgue constants than Gauss-Lobatto points. Unlike the 

Gauss-Lobatto points, new points do not show tensor product form anymore. 
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Figure 1. Comparison of Lebesgue constants and the distribution of points at 𝑘 = 8. 
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