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ABSTRACT
The bi-criteria scheduling problems that minimize the two most popular scheduling objec-
tives, namely the makespan and the total completion time, are considered. Given a schedule,
makespan, denoted as Cmax, is the latest completion time of the jobs and the total completion
time, denoted as

∑
Cj , is the sum of the completion times of the jobs. These two objectives have

received a lot of attention in the literature because of their practical implications. Scheduling
problems are somehow difficult to solve even for single criterion. On the other hand, when it
comes to a bi-criteria problem, a balanced solution coordinating both objectives is indeed essen-
tial. In this paper, we consider bi-criteria scheduling problems on m identical parallel machines
where m is 2, 3 and an arbitrary number, denoted as P2 || (Cmax,

∑
Cj), P3 || (Cmax,

∑
Cj)

and P || (Cmax,
∑
Cj), respectively. For each problem, we explore its inapproximability and

develop an approximation algorithm with analysis of its worst performance.

PRELIMINARIES

Since Nagar et al. (1995) [1] provided a survey paper on multi-criteria and bi-criteria scheduling,
it has attracted a lot attention of researchers in related areas. Given bi-criteria consisting of
makespan and total completion time, we can consider a schedule that minimizes both objectives
simultaneously, which is referred to as an ideal schedule. [2] If a problem allows for an ideal
schedule, the problem is referred to as an ideal problem. However, ideal schedules are usually
unachievable or under very restrictive conditions such as jobs having equal processing times.

It worth mentioning that for non-ideal problems, one objective may be sacrificed for the
others if necessary. In this manner, the approximation algorithm naturally arises, especially
when it provides dominant solutions. A schedule is called α-approximation schedule when it
guarantees its objective function value no more than α times the optimal value. An algorithm is
called an α-approximation algorithm if it always produces an α-approximation schedule. Here,
let α := (α1, α2) with α1 and α2 corresponding to makespan and total completion time, re-
spectively. Besides, T’kindt and Billaut [3] collect a variety of methodologies for multicriteria
scheduling problems such as mixed integer programming, interactive method, goal program-
ming and so on.

CONTRIBUTIONS

We first analyze the performance of two typical rules, called Longest Processing Time first
(LPT) rule and Shortest Processing Time first (SPT) rule. Note that for P || Cmax, Graham



(1969) [4] showed that the worst case performance ratio of LPT rule is 4
3
− 1

3m
, while P ||

ΣCj can be optimally solved by SPT rule [5]. Based on this, we show that LPT rule and SPT
rule provides

(
4
3
− 1

3m
,m
)

and
(
2− 1

m
,m
)

approximation for P || (Cmax,ΣCj), respectively.
Before giving our own algorithms, we explore the inapproximability, that is, the set of (α1, α2)
values that cannot be improved by any algorithm. It is a lower bound(LB) curve and can be
shown by providing certain adversarial examples.

For P2 || (Cmax,ΣCj), an
(
5
4
, 5
4

)
-approximation algorithm, as a modified version of SPT

rule, is developed. Note that
(
5
4
, 5
4

)
is exactly on the LB curve, which implies that

(
5
4
, 5
4

)
cannot

be dominated by all other outcomes for P2 case. Later on, we extend such an idea with slight
modifications to P3 case and obtain the worst case performance ratio of

(
4
3
, 5
4

)
. Formmachines

case, the problem is decomposed into subproblems consisting of two or three machines, and
each subproblem is solved by a modification of the algorithm for the case with P2 or P3. We
prove that this algorithm has the worst case performance ratio of

(
3
2
, 5
4

)
for P || (Cmax,ΣCj).

Figure 1 summarizes the results mentioned above.

Figure 1. Inapproximability and Approximations
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