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This research presents an approach for solving optimal feedback control (OFC) problems with
non-smooth control logic. Given a typical OFC problem, we first employ Pontryagin’s principle
to form a two point boundary value problem (TPBVP) for a standard Hamiltonian system [1].
The resultant Hamiltonian phase flow can be viewed as a canonical transformation [2], and a
systematic solution procedure has already been developed based on generating functions which
appear in the theory of canonical transformations [3][4]. Unfortunately, however, it is not ap-
plicable to problems with bang-bang type control logic due to non-smoothness. As an attempt
to solve OFC problems with non-smooth control logic, we transform the TPBVP for a Hamil-
tonian system into an initial value problem for a set of quasi-linear partial differential equation
(PDE), that is, the well-known Cauchy problem [5][6]. Once the Cauchy problem is solved nu-
merically, the method of characteristics is appropriately used to connect the solution to Cauchy
problem with the original TPBVP. This approach is validated by such prototypical examples as
time-optimal control problems subject to double integrator and harmonic oscillator. Compared
with our previous works [5][6], the current results show better accuracy due to refined numer-
ical algorithms and application of feedback control. While this Cauchy problem approach is
subject to the so-called ‘curse of dimensionality’, it suggests a systematic approach to solving
OFC problems with non-smooth control logic.

Consider a general optimal control problem: minimize the following performance index

J = φ(x(tf ), tf ) +
∫ tf

t
L(x(τ), u(τ), τ)dτ (1)

subject to the following dynamics with terminal boundary conditions and control bounds

ẋ = F (x, u, t), x(t = tf ) = xf , |u| ≤ u0 (2)

The Hamiltonian is first defined as

H(x, λ, u, t) = L(x, u, t) + λTF (x, u, t) (3)

where λ is the associated Lagrange multiplier or costate. Then, the first order necessary condi-
tions for optimality provide

λ̇ = −∂H(x, λ, t)

∂x
, ẋ =

∂H(x, λ, t)

∂λ
, x(t0) = x0, x(tf ) = xf (4)



and the Pontryagin’s principle gives the optimal control logic as [1]

u∗(x, λ, t) = arg min
u
H(x, λ, u, t) (5)

While the above TPBVP can be numerically solved by typical shooting techniques, for exam-
ple, the solution procedure usually requires initial guesses of costates which does not have any
physical interpretations, and thus lacks definiteness. Furthermore, it provides an open-loop so-
lution, in general. One systematic procedure for obtaining solutions in feedback form employs
series expansions of the principal kinds of generating functions which appear in the theory of
canonical transformations [3][4]:

F1(x, x0, t, t0), F2(x, λ0, t, t0), F3(λ, x0, t, t0), F4(λ, λ0, t, t0) (6)

However, it is not applicable to problems with non-smooth bang-bang type control logic.

As an attempt to overcome this limitation, we transform the given TPBVP into an initial value
problem for a set of quasi-linear PDEs; the well-known Cauchy problem. For example, we start
from the Hamilton-Jacobi equation for the third kind of generating function [2]:

∂F3

∂t
+H = 0 (7)

Taking partial derivatives with respect to the costate, using the chain rule, and applying the
F3-associated relationship yield a system of first order quasi-linear PDEs:

∂x

∂t
− ∂x

∂λ

∂H

∂x
=
∂H

∂λ
(8)

This set of governing equations, along with their associated terminal conditions x(t = tf , λ) =
xf , form a Cauchy problem, which provides a foundation for obtaining the optimal control in
feedback form. This approach is applicable to other kinds of generating functions, and the ap-
propriate selection of generating functions depends on the type of boundary conditions.

The following plots show the time-optimal solution subject to the harmonic oscillator system.
The control objective is to minimize the performance index J = ∆t = tf − t0, subject to the
dynamic equations of the harmonic oscillator with the hard constraint boundary conditions as
follows:

ẋ1 = x2, x1(t0) = x10, x1(tf ) = 0

ẋ2 = −x1 + u, x2(t0) = x20, x2(tf ) = 0
(9)

The control is bounded by |u| ≤ 1. Figure 1 shows that our open-loop solution satisfies the
given terminal boundary conditions. Furthermore, for the region where the numerical solution
to the Cauchy problem becomes inaccurate due to discontinuity, closed-loop control scheme can
be applied to provide optimal trajectories. Figure 2 shows the open and closed-loop trajectories
and their corresponding control profile compared with the exact optimal solution. The on-site
presentation will give more comprehensive analysis on this problem.
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Figure 1. Numerical Open-Loop Solution of the Harmonic Oscillator System
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Figure 2. State/Control History of the Exact and Numerical Solution of the Harmonic Oscillator
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