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ABSTRACT

In this talk, we present a hybrid immersed boundary (IB) and immersed interface method (IIM)
to simulate the dynamics of a drop under the influence of an electric field in Navier-Stokes
flows. The leaky dielectric model is used to take into accountof the electric effect. The electric
potential is solved numerically by an augmented immersed interface method which incorporates
the jump conditions naturally along the normal direction. Instead of applying the volume electric
force arising from the Maxwell stress tensor, we alternatively regard the electric effect as an
interfacial force bearing the normal jump of Maxwell stresson the interface. Thus, the capillary
and electric interfacial forces can be formulated in a unified immersed boundary framework.
We run a series of simulations with different permittivity and conductivity ratios and compare
the results obtained by the small deformation theory and other numerical results in literature.
Readers who are interested in this talk can refer to our recent work [5].

GOVERNING EQUATIONS OF ELECTRO-HYDRODYNAMICS

In this paper, we consider a leaky dielectric droplet (Ω−) suspended in another immiscible
leaky dielectric fluid (Ω+) under a DC (direct current) electric fieldE∞. The governing equa-
tions consist of two-dimensional incompressible Navier-Stokes equations with surface tension
and electric forces. We further assume that both the densityand viscosity are identical between
the interior and the exterior bulk fluids as we concentrate more on the electro-deformation of
the drop due to different electric conductivity and permittivity. The drop is neutrally buoyant in
the fluid domainΩ and the gravitational force is neglected. The fluid interfaceΣ is represented
by a Lagrangian parametric formX(s, t) = (X(s, t), Y (s, t)), 0 ≤ s ≤ 2π, wheres is the pa-
rameter of the initial configuration of the interface. Underthe immersed boundary formulation,
this two-fluid system is cast as a single fluid with variable physical properties in a single domain
Ω = Ω− ∪ Ω+

ρ

(

∂u
∂t

+ (u · ∇)u

)

+∇p = µ∆u + fC + fE in Ω, (1)

∇ · u = 0 in Ω, (2)
∂X
∂t

(s, t) = U(s, t) =
∫

Ω

u(x, t)δ(x−X(s, t)) dx onΣ. (3)



Eqs. (1)-(2) are the familiar incompressible Navier-Stokes equations withρ the fluid density,
u the velocity,p the pressure,µ the dynamic viscosity,fC the capillary force arising from the
interfacial tension, andfE the electric force. Eq. (3) simply states that the interfacemoves along
with the local fluid velocity (the interfacial velocity) which is linked by the two-dimensional
Dirac delta functionδ(x) = δ(x)δ(y).

The capillary force due to tension on the interface is immersed as

fC(x, t) =
∫

Σ

∂

∂s
(γτ ) δ(x−X(s, t)) ds, (4)

whereγ is the surface tension, andτ = Xs

|Xs|
is the unit tangent vector along the interface. In

case of a surfactant-covered drop considered, the surface tensionγ may not be a constant and
it depends on the surfactant concentration via Langmuir equation of state. For such case, an
extra surfactant convection-diffusion equation must be incorporated into the fluid system. One
of the authors (M.-C. Lai) and his group have developed a numerically conservative scheme for
solving the insoluble [7] and soluble surfactant equations[2]. The electric forcefE for the leaky
dielectric model will be given in the next section.

LEAKY DIELECTRIC MODEL

In electro-hydrodynamics, the dynamic current (with dimensionI) is usually small so the
induced magnetic effect can be neglected. Thus, the electric field intensityE(MLT−3I−1) is
irrotational which results∇ × E = 0. By Gauss law in a dielectric material with permittivity
ε(M−1L−3T 4I2), the volume charge densityqv(L−3TI) can be written asqv = ∇ · (εE). The
conservation of free charge density in electro-hydrodynamics can be expressed as

Dqv
Dt

+∇ · (σE) = 0, (5)

where D
Dt

= ∂
∂t
+u·∇ is the material derivative andσ(M−1L−3T 3I2) is the electric conductivity

of the medium.
In a homogeneous incompressible fluid where the permittivity ε and conductivityσ are both

constant, one can show that the free charge density decays from the initial charge density with
the relaxation time scaletE = ε/σ. The viscous time scale of the fluid motion is defined by
tF = ρL2/µ, whereρ andµ are fluid density and viscosity, andL is the characteristic length
scale.

In a leaky dielectric model for two-fluid system, the charge accumulates at the fluid interface
almost instantaneous as compared to the time scale of the fluid motion:tE ≪ tF . The above
charge density equation can be simplified as [8][10]

∇ · (σE) = 0. (6)

Since∇× E = 0, the electric field can be further expressed in terms of electric potentialφ by
E = −∇φ. In the far field, a constant electric fieldE∞ is applied to the fluids system.

In our formulation the whole domainΩ is divided into an interior domainΩ− and an ex-
terior domainΩ+. With piecewise constant electric conductivitiesσ− andσ+, Eq. (6) can be
reduced to Laplace equation in each fluid medium. The boundary conditions along the interface
Σ separatingΩ− andΩ+ are based on the continuity of the electric potential and thenormal



component of the electric flux density across the interface:

[φ] = 0 and [σ∇φ · n] = 0 onΣ, (7)

where the jump[·] indicates the quantity from theΩ+ side minus the one ofΩ− side, and the
normal vectorn is pointing outward fromΩ− to Ω+ side. The permittivities of the droplet and
the bulk fluid are also piecewise constants and denoted byε− andε+, respectively.

As described in [8] [10], the stress induced in a dielectric medium under the effect of electric
field is given by the Maxwell stress tensor of the form

ME = ε
(

EE −
1

2
(E · E)I

)

. (8)

The equivalent volume force density of the Maxwell stress can be obtained by taking the diver-
gence of above equation so we have

fE = ∇ · ME = −
1

2
(E · E)∇ε+∇ · (εE)E. (9)

The first term on the right-hand side of the above equation is due to polarization stress and
it acts along the normal direction of the interface. The second term is due to the interaction
of the electric charges under the direction of the electric field.Since both the permittivity and
conductivity are piecewise constants, one immediately sees that the electric force in Eq. (9)
has major effects only in the vicinity of the interface. Therefore for our modeling purpose, we
regard the electric effect as an interfacial force from the jump of Maxwell stress in the normal
direction instead of applying the volume force as in (9) intothe fluid equations. The interfacial
electric force is defined as

FE = [ME · n] = (M+
E − M−

E) · n, (10)

whereM−
E andM+

E stand for Maxwell stress tensor in the drop and bulk, respectively. Thus, the
electric body forcefE can be represented by the electric interfacial force using the Dirac delta
function as

fE(x, t) =
∫

Σ

FE(s, t) δ(x−X(s, t)) ds. (11)

NUMERICAL ALGORITHM

In the following, we describe how to march one time step for the solution. At the beginning
of each time stepn, the interface positionXn and the fluid velocityun must be given. The
numerical algorithm is as follows.
(1) Compute the electric potentialφn by the augmented IIM [1][9] [6][13]. Use the values of

φn to compute the electric fieldEn = (−φn
x ,−φn

y) on the grid. (At the irregular point, a
correction term must be added to achieve the necessary accuracy.) Then we perform one-
sided interpolation to compute the Maxwell stressesM+

E andM−
E to obtain the interfacial

electric forceFn
E at Lagrangian interface markers.

(2) Given the interface markersXn, we first compute the unit tangent vectorτ
n and then

compute the interfacial tension forceFn
C . Both involve spatial derivative with respect tos

can be done spectrally.



(3) Distribute the interfacial tension and electric force from the Lagrangian markers into the
fluid grid points by using the discrete delta function as in traditional IB method.

(4) Solve the Navier-Stokes equations by the projection method to obtain new velocityun+1.
This procedure involves solving two Helmholtz-type equations for the intermediate veloc-
ity and one pressure Poisson equation which again can be efficiently solved by the fast
direct solver provided by Fishpack.

(5) Interpolate the new velocity on the fluid grid point to themarker points and then move the
marker points to new positionsXn+1.

Step 2-5 are quite standard in immersed boundary method and can be found in any related
literature such as in [6] [2].

COMPARISON WITH SMALL-DEFORMATION THEORY

In this section, we simulate the droplet deformation under aDC electric field, and compare
with asymptotic results from the small-deformation theory. It was predicted by G. I. Taylor
[11] that the stationary shape of a leaky dielectric drop under electric field can turn into either
oblate or prolate shape. Based on Taylor’s asymptotic results, the drop deformation depends on
the electric capillary numberCaE , and the ratio of electric conductivity, permittivity, andfluid
viscosity. The droplet deformation can be quantified by the deformation factorD as

D =
L−B

L+B
,

whereL andB are the droplet elongation along the major and minor axes, respectively. The
present numerical scheme is validated by a comparison to first-order small deformation theory
introduced by Feng [3] (also listed in [14]), which is analogous to that of Taylor’s analysis for
3D drops [11]. The drop deformation can be approximated by

D =
fd(σr, εr)

3(1 + σr)2
CaE , (12)

wherefd is a discriminating function defined byfd(σr, εr) = σ2
r + σr + 1− 3εr. The discrimi-

nating functionfd indicates the stationary shape of the drop; that is,fd > 0, the prolate shape is
obtained whilefd < 0 the oblate shape is obtained.fd = 0 indicates the drop remains spherical
at leading order. For a clean drop under a DC electric field, a circulatory fluid motion is needed
to balance the electric stress when the drop reaches a steadyshape. For the oblate shape, the
flow pattern inside the first quadrant is always clockwise, while the prolate shape could have
either clockwise or counterclockwise flow inside the first quadrant [4] [12]. For prolate shape,
it is found that the flow is clockwise forσr < εr and counterclockwise forσr > εr.

In following computations, we set the grid sizeN = 128 and run the simulations until
steady state is achieved. Figure 1(a) shows the phase diagram of the steady deformation and
flow patterns (as labeled) for the droplet under a DC electricfield with differentσr andεr. Our
numerical simulation results confirm the above behaviors, and are in agreement with results
obtained by previous studies [4] [12]. We also pick three cases in different parameter regimes
denoted (also marked in Figure 1(a)) by Case A (σr = 1.75, εr = 3.5), Case B (σr = 3.25, εr =
3.5), and Case C (σr = 4.75, εr = 3.5). For these three cases we conduct the simulations with
different electric capillary numberCaE. Figure 1(b) shows the deformation factorD versus the
electric capillary numberCaE for these three cases. Notice that, the deformation factorD is
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Figure 1. (a) The deformation shape diagram for different conductivity ratioσr and permittivity
ratio εr. Solid line:σr = εr; dashed line:fd = 0. “ △ ”: Oblate and clockwise;“✷”: prolate
and clockwise;“ ◦ ”: prolate and counterclockwise. (b) The plot of the deformation factorD
versus the electric capillary numberCaE. Those lines denote the theoretical results obtained by
the small deformation theory [3].

negative when the shape is oblate whileD is positive when the shape is prolate. As expected,
the steady deformation becomes larger as the electric capillary numberCaE increases. We also
plot the theoretical results based on small deformation theory as described in Eq. (12) for those
three cases. One can see that the present numerical results agree with the theoretical ones well
whenCaE is small. This is not surprising since the theoretical result is derived based on small
deformation theory.
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