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ABSTRACT

An inverse boundary value problem for magnetic discrete Schrödinger equations on the square

lattice is studied. The magnetic potential on the boundary, the magnetic flux in the domain, and

the electric potential are reconstructed from the discrete Dirichlet-to-Neumann map.

RESULTS

Let Gd = (Vd, Ed) be the d-dimensional square lattice: Vd = Z
d is the vertex set, and Ed is the

edge set which is the set of all the segments of length 1 joining two vertices. We can consider

the two complementary directions on each edge. We denote by A(Gd) the set of all directed

edges of Gd. We define the magnetic discrete Laplacian ∆θ on Gd:

∆θf̂(x) :=
1

2d

∑

e∈Ax(Gd)

eiθ(e)f̂(t(e))− f̂(x)

for f̂ : Vd → C. Here t(e) ∈ Vd is the terminus of e ∈ A(Gd), θ is a 1-form which is a

real-valued function on A(Gd) satisfying θ(e) = −θ(e), where e is the reverse edge of e ∈
A(Gd), and Ax(Gd) is the set of all directed edges whose origin is x ∈ Vd. The 1-form θ

is considered as a discrete analogue of the magnetic potential on the Euclidean spaces. The

magnetic Schrödinger operator Ĥθ,q̂ is defined by

Ĥθ,q̂ := −∆θ + q̂,

where q̂ is a multiplication operator by the real-valued function q̂(x) on Vd. Our setting of

discrete magnetic Schrödinger operators is standard in the graph theory, see e.g. [2].

Let Γ
(N)
d be the induced subgraph of Gd by V

(N)
d = {x ∈ Vd; 1 ≤ xj ≤ N, j = 1, 2, · · · , d}.

The boundary vertex set ∂V (Γ
(N)
d ) of Γ

(N)
d is defined in the usual manner in the graph theory.

We can define the boundary graph ∂Γ
(N)
d whose vertex set contains ∂V (Γ

(N)
d ).

Let us consider the following boundary value problem for discrete Schrödinger equation:







Ĥθ,q̂û(x) = 0 on V
(N)
d ,

û|
∂Γ

(N)
d

(x) = f̂(x).
(1)

We can define a discrete analogue of the Dirichlet-to-Neumann operator Λθ,q̂ by using the solu-

tion û of the boundary value problem (1).



Theorem 1 From the boundary measurements by the Dirichlet-to-Neumnn map Λθ,q̂,

• the 1-form θ,

• the potential q̂

on the boundary graph ∂Γ
(N)
d are reconstructed.

For the oriented closed path c = (c1, c2, · · · , cn), cj ∈ A(Gd), j = 1, 2, · · · , n, the magnetic

flux of the 1-form θ through c is defined as follows:

∫

c
θ =

n
∑

j=1

θ(cj).

Theorem 2 From the boundary measurements by the Dirichlet-to-Neumann map Λθ,q̂,

• the magnetic flux
∫

c θ for any cloed path c,

• the potential q̂,

on Γ
(N)
d are reconstructed.

For the proofs, we follow the reconstruction procedure of Curtis-Morrow [1], which is orig-

inally used for registor networks. Later, it is used for Schrödinger networks without magnetic

fields by Oberlin [4] on the 2-dimensional square lattice, and extended to d-dimensional case by

Isozaki and Morioka [3]. Moreover, we introduce some cannonical 1-form θ0, which does not

change the boundary measurements of the Dirichlet-to-Neumann map, by the gauge invariance.
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