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ABSTRACT 

 

This paper presents development of a geometrically nonlinear plane element including 

rotational degrees of freedom, based on the co-rotational (CR) formulation. The CR 

formulation is one of the efficient geometrically nonlinear formulations and it is based on the 

assumptions on small strain and large displacement. In this paper, unified CR formulation for 

the plane elements is established. The present analysis is validated regarding the time transient 

problems. The present results are compared with the results obtained by the existing 

commercial software. 

 

INTRODUCTION 

 

In engineering industries, structures in rotational motion are widely considered, e.g. 

flapping wings, helicopter rotor blades, and turbo-machinery. Those structures generally show 

a geometrically nonlinear behavior. In order for a nonlinear analysis, conventional formulation, 

such as total and updated Lagrangian formulation, is widely used. Those descriptions require 

additional mathematical derivation for respective elements to predict the nonlinear stresses 

and strains. Recently, co-rotational formulation was suggested and unified CR formulation for 

various finite elements have developed, especially as element-independent formulation [1]. 

However, existing formulation for the plane elements still need to be improved because it was 

just for the solid-like plane element [2]. Therefore it is unable to consider the rotational degree 

of freedom which can handle the locking problem and a rotational motion, simultaneously. 

Thus, in this paper, relevant coordinate system is re-established to consider the local rotational 

degree of freedom and the unified formulation for 3-node triangular and 4-node quadrilateral 

elements will be suggested. Each analysis will be validated with dynamic problems by 

comparing with the results from commercial software, such as ANSYS.  

 

FORMULATIONS 

 

The CR framework is independent of the specific local element formulation. Thus, a large 

number of existing robust and accurate geometrically linear plane elements can be reused and 

extended to geometrically non-linear analyses. Figure 1 shows the coordinate upon the 

framework. A basic idea of this approach is to extract pure elastic deformation from the total 

motion using a co-rotational frame (CR frame) which translates and rotates along the element. 

Accordingly, three kinds of rotation operators are required to deal with such decomposition of 

the behavior including the rotational DOF. RG is defined by total element’s rotation, Rr is 

corresponding to the rigid body motion and RL is defined by the local element’s pure rotation. 



The rigid body rotation consisting of the operator, Rr, can be obtained by element global 

translations. Then, RL can be obtained by a simple manner, RL=Rr
TRG.  

 

 
Figure 1. Coordinate in the present CR plane element 

 

Using those rotation operators, transformation matrix can be defined by following the element 

DOF’s. A consistent transformation of element stiffness matrix and internal force vector along 

the coordinate system is now possible, while the geometrically nonlinearity is considered. By 

following the present coordinate system, it is also possible to define the dynamic physical 

quantities in element material field. Finally, nonlinear time transient governing equation can 

be: 
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To solve the nonlinear equation, Hilbert-Hughes Taylor-α method is employed. For local 

elements, optimal triangle element [3] and quadrilateral element with rotational DOF [4] are 

employed. Validation of the present analyses is conducted by considering a cantilevered plate 

in harmonic external tip load. Time transient response of the tip displacement is compared 

with ANSYS prediction using 80 solid elements (Fig. 2). The present results with both 

triangular and quadrilateral elements show good correlation in transverse direction. 

 

 

 
 

 

 

 
 

 
Figure 2. Comparison of the dynamic analysis results 
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