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ABSTRACT
The phase-field method has recently emerged as a powerful computational approach for model-
ing and predicting mesoscale morphological and microstructure evolution in materials [1]. The
basic idea is to introduce conserved or non-conserved order parameters ϕ(x, t) that vary contin-
uously over thin interfacial layers and are mostly uniform in the bulk phases. The temporal and
spatial evolution of the order parameters is governed by the Cahn–Hilliard(CH) equation,

∂ϕ(x, t)
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= ∆
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F ′(ϕ)−∆ϕ(x, t)

)
, (1)

or the Allen–Cahn(AC) equation

∂ϕ(x, t)

∂t
= − 1

ϵ2
F ′(ϕ) + ∆ϕ(x, t), (2)

where F ′(ϕ) = ϕ3(x, t)− ϕ(x, t), x ∈ Ω, 0 < t ≤ T .

Numerous numerical algorithms have been developed to improve accuracy and numerical sta-
bility of the phase-field method. In recent years, Fourier spectral methods have been widely
used as a powerful tool for solving phase-field equations. To improve its effectiveness, many re-
searchers have employed stabilized semi-implicit Fourier spectral (SIFS) methods which allow
a much larger time step than a usual explicit scheme. Our mathematical analysis and numerical
experiments, however, suggest that an effective time step is smaller than a time step specified
in the SIFS schemes. In order to remove the time step constraint and guarantee the accuracy
in time for a sufficiently large time step, we present a first and a second order semi-analytical
Fourier spectral (SAFS) methods for solving the Allen–Cahn equation [2]. The core idea of the
methods is to decompose the original equation into linear and nonlinear subequations, which
have closed-form solutions in the Fourier and physical spaces, respectively. Both the first and
the second order methods are unconditionally stable and numerical experiments demonstrate
that our proposed methods are more accurate than the stabilized semi-implicit Fourier spectral
method.

Allen–Cahn (AC) type equations with nonlinear source terms have been applied to a wide range
of problems, for example, the vector-valued AC equation for phase separation and the phase-
field equation for dendritic crystal growth. In contrast to the well developed first and second or-
der methods for the AC equation, not many second order methods are suggested for the AC type



equations with nonlinear source terms due to the difficulties in dealing with the nonlinear source
term numerically. We propose a simple and stable second order operator splitting method [3]. A
core idea of the method is to decompose the original equation into three subequations with the
free-energy evolution term, the heat evolution term, and a nonlinear source term, respectively.
It is important to combine these three subequations in proper order to achieve the second order
accuracy and stability. We propose a method with a half-time free-energy evolution solver, a
half-time heat evolution solver, a full-time midpoint solver for the nonlinear source term, and
a half-time heat evolution solver followed by a final half-time free-energy evolution solver. We
numerically demonstrate the second order accuracy of the new numerical method through the
simulations of the phase separation and the dendritic crystal growth.
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