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ABSTRACT 

 

This paper presents development of both materially and geometrically nonlinear planar 

elements, based on the total Lagrangian (TL) description. The TL formulation is one of the 

available geometrically nonlinear formulations and it is based on the assumptions on small 

strain and large displacement. In this paper, nine-node planar elements considering material 

and geometrical nonlinearity is established. The present analysis is validated for both static 

and time transient problems. The present results are compared with the results obtained by the 

existing commercial software. 

 

INTRODUCTION 

 

In aerospace engineering field, structures in various material state, i.e., hyperelasticity or 

plasticity, are required due to high pressure and temperature boundary condition, for example, 

the structures in high-speed vehicle. And such structures generally have thin configuration. 

Therefore, such structures exhibit materially and geometrically nonlinear behavior, 

simultaneously. In order for a nonlinear analysis, conventional formulation, such as the TL 

and updated Lagrangian (UL) formulation, is widely used [1]. In this paper, nine-node planar 

element based on the TL description is established and it is further extended to be capable of 

predicting the material nonlinearity. For the analysis of hyperelastic material, Neo-Hookean 

hypothesis is employed [2]. And, for the prediction of plastic behavior within the metal 

structure, von Mises’ criterion based on isotropic linear hardening is employed [3]. Each 

analysis will be validated for both static and dynamic problems by comparison with the results 

from commercial software, such as ANSYS.  

 

FORMULATIONS 

 

 
Figure 1. Coordinate in the present nine-node planar element based on the TL description 

 



In general, geometrically nonlinear problem accommodates significant changes in the 

configuration. Thus, it is required to define the reference configuration with respect to which 

different quantities are measured. And configurations are defined by the initial and deformed 

configuration. Then, it is possible to separate the description by its reference configuration. In 

the TL description, the physical quantities are expressed in terms of the initial configuration. 

Figure 1 shows the nine-node planar element following the TL configuration. Using the iso-

parametric elemental solution and strain-displacement transformation matrices defined by 

referring to the initial configuration, the nonlinear stiffness matrix and internal vector can be 

as follows.  
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where, B , F and C  are strain-displacement transformation matrix, deformation gradient 

matrix and constitutive matrix, respectively. And S  is defined by the 2nd Piola-Kirchhoff 

stresses, in general geometrically nonlinear problem. To solve the resulting nonlinear equation, 

Newton-Raphson iterative technique is employed in the present analysis. For the hyperelastic 

and plastic material, the constitutive matrix is related with the stresses defined by the 

incremental strain components [2, 3]. Thus, the constitutive matrix and stresses are updated in 

the iterative computation. The relevant equation is written as follows. 
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where, superscript i indicates the iterative computation. After it is completed, validation of the 

present analysis is conducted by considering a cantilevered beam in static tip load. Transverse 

tip deflection is compared with ANSYS prediction using 270 solid elements (Fig. 2). The 

present result shows good correlation in transverse direction. 

 

 
Figure 2. Comparison of vertical deflection obtained by the present results with that predicted 

by ANSYS 
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