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ABSTRACT
In this talk, we consider two dimensional acoustic wave equations in an unbounded domain and
introduce a modified model of the classical un-split perfectly matched layer (PML) [1,2]. In
the classical PML model, an unexpected and exponential increase in energy is observed in the
long-time simulation after the solution reaches a quiescent state. To address such an instability,
we provide a regularization technique to a lower order regularity term employed in the auxil-
iary variable in the classical PML model. In addition, we propose a staggered finite difference
method for discretizing the regularized system. The regularized system and numerical solution
are analyzed in terms of the well-posedness and stability with the standard Galerkin method
and von Neumann stability analysis, respectively. In particular, the existence and uniqueness of
the solution for the regularized system are proved and the CFL condition of the staggered finite
difference method is determined.

MOTIVATION OF STUDY

The target problem is to construct a stable PML wave system induced by a general second order
acoustic wave equation with a variable sound speed described by c(x) > 0 described by

utt(x, t)− c2(x)∇u(x, t) = 0, (x, t) ∈ R2 × (0, T ]

with initial conditions u(·, 0) = f and ut(·, 0) = 0, where supp(f) is a subset of a domain Ω0

included in the computational domain Ωcomp in R2. We consider the following two dimensional
acoustic PML wave model [3, 4]: find satisfying The target problem we consider here is a
general second order acoustic wave equation with a variable sound speed c(x) > 0 described
by 

1
c2
utt(x, t) + σx+σy

c2
ut(x, t) + σxσy

c2
u(x, t)−∇ · q(x, t)−4u(x, t) = 0,

qt(x, t) +

σx 0

0 σy

 q(x, t) +

σx − σy 0

0 σy − σx

∇u(x, t) = 0

with the initial boundary conditions. Here, the damping terms σx, σy are assumed to be non-
negative functions that vanish in the computational domain Ωcomp in the sense of the analytical
continuation of the PML.

Conclusions
The first characters of all We introduce a new and efficient formulation related to the acous-

tic wave equation based on the regularization of the un-split PML wave equation. By regular-



izing the lower order regularity term in the original equation and the standard von Neumann
stability analysis, we have achieved well-posedness as well as numerical stability, even in the
long-time simulation, of the solution in the new formulation. We have demonstrated the extent
to which the regularization is important in the long time stability by several numerical tests. We
summarize the main novelty and results of this study as follows: (1) We have proved the ana-
lytical well-posedness of our formulation without any restriction of damping terms; (2) several
numerical tests suggest that the formulation exhibhits a long-time stability regardless of damp-
ing terms, layer thickness, and sound speeds; (3) we have demonstrated that the lower order
regularity term in the up-split PML formulation highly affects the long-time stability; this is a
strong motivation for the regularization [5].
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